We study the eigenvalue problem for the Neumann-Laplace operator in conformal regular planar domains Ω ⊂ C. Conformal regular domains support the Poincaré inequality and this allows us to estimate the variation of the eigenvalues of the Neumann Laplacian upon domain perturbation via energy type integrals. Boundaries of such domains can have any Hausdorff dimension between one and two.
Introduction
This paper is devoted to stability estimates for the eigenvalues of the Neumann Laplacian
∂y 2 , (x, y) ∈ Ω, ∂f ∂n ∂Ω = 0, in conformal regular planar domains Ω ⊂ C.
In [21] was proved (see, also, [22] ) that in such domains the embedding operator
is compact. Hence in the conformal regular planar domains Ω ⊂ C the spectrum of the Neumann Laplacian is discrete and can be written in the form of a nondecreasing sequence
where each eigenvalue is repeated as many times as its multiplicity. The spectral stability estimates for the Laplace operator were intensively studied in the last two decades. See, for example, the survey papers [12] , [7] where one can found the history of the problem, main results in this area and appropriate references.
Recall that Ω is called a conformal α-regular domain, α > 2, [8] if there exists a conformal mapping ϕ of the unit disc D onto Ω such that ϕ ′ ∈ L α (D). A domain Ω is a conformal regular domain if it is a conformal α-regular domain for some α > 2.
The notion of conformal α-regular domains (conformal regular domains) does not depends on a choice of a conformal homeomorphism ϕ [8] .
Note that any conformal regular domain has finite geodesic diameter [20] and can be characterized in the terms of the (quasi)hyperbolic boundary condition [6, 22] .
The notion of conformal regularity was introduced in [8] for study of the spectral stability of the Dirichlet-Laplace operator. Let, for 2 < α ≤ ∞, τ > 0, G α,τ be the set of all conformal mappings ϕ of the unit disc D such that
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Theorem 1.1.
[8] For any 2 < α ≤ ∞, τ > 0 there exists B α,τ > 0 such that for any ϕ 1 , ϕ 2 ∈ G α,τ and for any n ∈ N the eigenvaluesλ n of the Dirichlet-Laplace operator in domains Ω 1 and Ω 2 satisfy the inequality
where
Let us remark that the constant B α,τ depends on conformal geometry of domains Ω 1 and Ω 2 only [8] :
where the constantC(α) is the best constant for corresponding Poincaré-Sobolev inequality in the unit disc.
In the case of the Neumann-Laplace operator we need an additional assumption on domains.
Two conformal regular domains Ω 1 , Ω 2 represent conformal regular pair if they are conformal α-regular pair for some α > 2.
represent an conformal α-regular pair if and only if
A property of conformal regular pairs is not very restrictive. For example any two Lipschitz simply connected bounded domains represent a conformal regular pair. Any two quasidiscs (images of discs under quasiconformal homeomorphisms of the plane) also represent a conformal regular pair.
The main result of this paper is
, and
Remark 1.5. The constantC(α) is the best constant for corresponding weighted Poincaré-Sobolev inequalities in the unit disc.
In Section 5 we consider in more detail the case in which Ω 1 and Ω 2 are quasidiscs. The estimate for |λ n [Ω 1 ] − λ n [Ω 2 ]| can also be given in terms of the measure variation:
and J ϕ1 , J ϕ2 are the Jacobians of the mappings ϕ 1 , ϕ 2 respectively. The inequality (1.2) hold for any ϕ 1 , ϕ 2 under consideration, but they are nontrivial only if
respectively, because the inequality
In this article we adopt an investigation method based on the theory of composition operators [29, 30] . This method was applied in [8] to the spectral stability problem for the Dirichlet Laplacian and to the eigenvalue problem in [21] .
Let Ω ⊂ C be an arbitrary bounded simply connected planar domain with a smooth boundary. Consider the classic eigenvalue problem for the Neumann Laplacian in Ω −∆ w g(w) = λg(w), w ∈ Ω, 
Here
Hence we obtain the weighted eigenvalue problem for the Neumann Laplacian in the unit disc D
) is the hyperbolic (conformal) weight defined by the conformal mapping ϕ : D → Ω.
Here λ D and λ Ω are hyperbolic metrics in D and Ω respectively [5] .
That means that the eigenvalue problem in Ω is equivalent to the weighted eigenvalue problem in the unit disc D.
In the sequel we consider the weak formulation of the weighted eigenvalue problem for Neumann Laplacian, namely:
The method suggested to study the weighted eigenvalue problem for the Dirichlet Laplacian is based on the theory of composition operators [29, 30] and the " transfer " diagram suggested in [17] . Universal hyperbolic weights for weighted Sobolev inequalities were introduced in [19] (see also [25] ).
The weighted eigenvalue problem
Let Ω ⊂ C be an open set on the complex plane. The Sobolev space W 1,p (Ω), 1 ≤ p ≤ ∞, is the normed space of all locally integrable weakly differentiable functions f : Ω → R with finite norm given by
The seminormed Sobolev space
is the space of all locally integrable weakly differentiable functions f : Ω → R with finite seminorm given by
The weighted Lebesgue space L p (Ω, h), 1 ≤ p < ∞, is the space of all locally integrable functions with the finite norm
Here the weight h : Ω → R is a non-negative measurable function. We define the weighted Sobolev space W 1,p (Ω, h, 1), 1 ≤ p < ∞, as the normed space of all locally integrable weakly differentiable functions f : Ω → R with the finite norm given by
We denote
Recall that for conformal regular domains for any 2 ≤ q < ∞ the Sobolev type
holds for any function g ∈ W 1,2 (Ω) (see [21] ). Using this inequality we prove the following weighted Poincaré inequality for the unit disc: Theorem 2.1. Let Ω ⊂ C be a conformal α-regular domain and ϕ : D → Ω be a conformal mapping.
Then for any function
holds.
Here h is the hyperbolic (conformal) weight defined by equality (1.5). The exact constant K * is equal to the exact constant in the inequality
Proof. Since ϕ −1 : Ω → D is a conformal mapping, the composition operator
is an isometry [19] .
because Ω is a conformal regular domain, then for the function g ∈ C 1 (Ω) the Poincaré inequality
holds with the exact constant K * = 1/λ 2 [Ω]. Hence, using the " transfer " diagram [17] we obtain
Approximating an arbitrary function f ∈ W 1,2 (D, h, 1) by functions in the space C 1 (D) we obtain that the inequality
holds for any function f ∈ W 1,2 (D, h, 1).
By Theorem 2.1 it immediately follows that the spectral weighted eigenvalue problem (1.6) with hyperbolic (conformal) weights h in the unit disc D is equivalent to the eigenvalue problem in the domain Ω = ϕ(D) (see also, for example [25] ) and
Hence the spectrum of the weighted eigenvalue problem (1.6) with hyperbolic (conformal) weights h is discrete and can be written in the form of a non-decreasing sequence
where each eigenvalue is repeated as many times as its multiplicity.
For weighted eigenvalues (eigenvalues in Ω) we have also the following properties:
(Min-Max Principle), and
is an orthonormal (in the space W 1,2 (D, h, 1)) set of eigenfunctions corresponding to the eigenvalues
. For n ≥ 2 alongside with (2.4) we have
(It may happen that the above fraction takes the form 0 0 . In this case we assume that
Then, since f ∈ M n has the form f = g − c where g ∈M n and c ∈ R, by (2.4)
3. The L 1,2 -seminorm estimates
We consider two weighted eigenvalue problems in the unit disc D ⊂ C:
The aim of this section is to estimate the " distance " between weighted eigenvalues λ n [h 1 ] and λ n [h 2 ].
Lemma 3.1. Let D ⊂ C be the unit disc and let h 1 , h 2 be conformal weights on D.
Suppose that there exists a constant B > 0 such that
Then for any n ∈ N
by (2.5) we get
Hence, by (3.1),
we get
Since the function F (t) = t/(1 + Bt) is non-decreasing on [0, ∞) and by (2.3)
it follows that
.
For similar reasons
Inequalities (3.4) and (3.5) imply inequality (3.2).
Now we estimate the constant B in Lemma 3.1 in terms of " vicinity " between weights.
By Theorem 2.1
, where h k , k = 1, 2, are the conformal weights defined be equality (1.5). Here C k (q) are the best possible constants in these inequalities, that depend on α only.
Then inequality (3.1) holds with the constant
Proof. By the Hölder inequality and Sobolev inequality (3.6) we get for k = 1, 2
By the two previous lemmas we get immediately the main result for the difference of weighted eigenvalues:
Then, for every n ∈ N,
Recall that hyperbolic (conformal) weights h 1 (z), h 2 (z) for bounded simply connected planar domains are Jacobians J ϕ1 (z), J ϕ2 (z) of conformal homeomorphisms
Since Ω 1 , Ω 2 are bounded domains the Jacobians
. An example of the unit disc without the interval (0, 1) on the horizontal axis demonstrates that for general simply connected domains Ω the Jacobians of conformal homeomorphisms ϕ : D → Ω need not be integrable in a power greater than 1. Hence the integrability of Jacobians to the power s > 1 is possible only under additional assumptions on Ω.
In [20] it was proved that such integrability is possible only for domains with finite geodesic diameter. Hence, for s > 1, the quantity d s (h 1 , h 2 ) is not necessary defined for all pairs of conformal weights h 1 , h 2 .
Lemma 4.1. Let ϕ 1 : D → Ω 1 , ϕ 2 : D → Ω 2 be conformal homeomorphisms and h 1 , h 2 be the corresponding conformal weights. Suppose that for some 2 < p < ∞
Proof. By the definitions of h 1 , h 2 and
Applying to the last integral the Hölder inequality with r = 2 s (1 ≤ r < 2 because 1 < s ≤ 2) and r ′ = r r−1 = 2 2−s we obtain
Since s = 2p p+2 we have 
Indeed, a conformal mapping ψ : Ω 1 → Ω 2 can be written as a composition
Using the change of variable formula we obtain
The similar calculation is correct for the inverse mapping ψ
Note that integral estimate (4.1) can be rewritten in terms of the measure variation. 
Quasidiscs
Now we describe a rather wide class of planar domains for which there exist conformal mappings with Jacobians of the class L p (D) for some p > 1, i.e. with complex derivatives of the class L p (D) for some p > 2.
